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ABSTRACT: 

An estimate of Beurling states that if ii" is a curve from to the unit circle in the 
complex plane, then the probability that a Brownian motion starting at — e reaches 
the unit circle without hitting the curve is bounded above by ce^/^. This estimate 
is very useful in analysis of boundary behavior of conformal maps, especially for 
connected but rough boundaries. The corresponding estimate for simple random 
walk was first proved by Kesten. In this note we extend this estimate to random 
walks with zero mean, finite (3 + 5)— moment. 
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1 Introduction 



The Beurling projection theorem (see, e.g., pi Theorem V.4.1]) states that if K is 
a closed subset of the closed unit disk in C, then the probability that a Brownian 
motion starting at — e avoids K before reaching the unit circle is less than or equal 
to the same probability for the angular projection 

K' = {\z\ -.zeK}. 

If i^' = [0, 1], a simple conformal mapping argument shows that the latter prob- 
ability is comparable to e^/^ as e ^ 0+. In particular, if is a connected set of 
diameter one at distance e from the origin the probability that a Brownian motion 
from the origin to the unit circle avoids K is bounded above by ce^/^. 

This estimate, which we will call the Beurling estimate, is very useful in anal- 
ysis of boundary behavior of conformal maps especially for connected but rough 
boundaries. A similar estimate for random walks is useful, especially when consid- 
ering convergence of random walk to Brownian motion near (possibly nonsmooth) 
boundaries. For simple random walk such an estimate was first established in |E] to 
derive a discrete harmonic measure estimate for application to diffusion limited ag- 
gregation. It has been used since in a number of places, e.g., in deriving "Makarov's 
Theorem" for random walk [7j or establishing facts about intersections of random 
walks (see, e.g., jS]). Recently it has been used by the first author and collaborators 
to analyze the rate of convergence of random walk to Brownian motion in domains 
with very rough boundaries. Because of its utility, we wish to extend this estimate 
to walks other than just simple random walk. In this note we extend it to a larger 
class of random walks. 

We state the precise result in the next section, but we will summarize briefly 
here. As in jH] , we start with the estimate for a half- line. We follow the argument in 
pj; see ^1131 for extensions. The argument in [H] strongly uses the time reversibility 
of simple random walk. In fact, as was noted in P], the argument really only 
needs symmetry in x component. We give a proof of this estimate, because we 
need the result not just for Z"*" but also for kZ'*' where k is a positive integer. The 
reason is that we establish the Beurling estimate here for "(l/K)-dense" sets. One 
example of such a set that is not connected is the path of a non-nearest neighbor 
random walk whose increments have finite range; a possible application of our result 
would be to extend the results of to finite range walks. While our argument is 
essentially complete for random walks that are symmetric in the x component, for 
the nonsymmetric case we use a result of Fukai [H] that does the estimate for n = 1. 
Since kZ^ C Z_|_ this gives a lower bound for our case, and our bound for the full 
line then gives the upper bound. 

The final section derives the general result from that for a half-line; this argument 
closely follows that in We assume a (3 + 5)-moment for the increments of the 
random walk in order to ensure that the asymptotics for the potential kernel are 
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sufficiently sharp (see (0)). (We also use the bound for some "overshoot" estimates, 
but in these cases weaker bounds would suffice.) 

2 Preliminaries 

Denote by Z, R, C the integers, the real numbers and the complex numbers, respec- 
tively. We consider Z and M as subsets of C. Let Z+ = {A; G Z : A; > 0}; N = {k e 
Zj : k > 0},Z~ = Z \ N. Let L denote a discrete two-dimensional lattice (additive 
subgroup) of C. Let Xi,X2, ... be i.i.d. random variables taking values in L and 
let Sn be the corresponding random walk. We say that Xi, X2, . . . generates L if for 
each z G L there is an n with P(Xi + ■ ■ ■ + X„ = z) > 0. Let 

Tb := inf{/ > 1 : 5j G 5}, := inf{/ > : 5; G 5}, 

be the ffist entrance time of B after time 0, and the ffist entrance time of B including 
time 0, respectively. We abbreviate T{b},T^f,} "^b.T^ respectively. Denote by 
Cn = {z & : \z\ < n} the discrete open disk of radius n, and let r„ := T£c be the 
ffist time the random walk is not in C„. 

Suppose K is a positive integer and A is a subset of the lattice L. We call A 
{1/ K,)- dense (about the origin) if for every j G N, A fl {Jk < \z\ < {j + 7^ 0. A 
set of the form A = {wj : j G kN} with j < \wj\ < j + k, for each j will be called a 
minimal (l/K)-dense set. Any (l/K)-dense set contains a minimal (l/K)-dense set. 
If < ji < j2 < 00, we let A[ji,j2] = An {Cj^ \ C^J. If -00 < ji < j2 < 00, we 
write [ji,j2]« = KNn [ji,j2)- 

The purpose of this paper is the prove the following result. 

Theorem 1 Suppose h is a discrete two-dimensional lattice in C and Xi,X2, . . . 
are i.i.d. random variables that generate L such that E[Xi] = and for some 6 > 0, 
E[|Xip+'^] < 00. Then for positive integer k, there exists a c < 00 (depending 
on K and the distribution of Xi) such that for every {1/ K,)-dense set A and every 
< k < n < 00, 

P(l"2n < TAlk,n]) < C^/kJu. 

We start by making some reductions. Since B G A clearly implies P(rm < 
T^) < P{Tm < T^), it suffices to prove the theorem for minimal (l/fi:)-dense sets 
A = {wj : j G kN} and, without loss of generality, we assume that A is of this form. 
By taking a linear transformation of the lattice if necessary, we may assume that L 
is of the form 

L = {j + kz* : i,ke Z}, 

where z* G C \ M and that the covariance matrix of Xi is a multiple of the identity. 
(When dealing with mean zero, finite variance lattice random walks, one can always 
choose the lattice to be the integer lattice in which case one may have a non-diagonal 
covariance matrix, or one can choose a more general lattice but require the covariance 
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matrix to be a multiple of the identity. We are choosing the latter.) Let p be the 
(discrete) probability mass function of Xi. Then our assumptions are {z : p{z) > 0} 
generates L and for some 5, cr^ > 0, 

J2zp{z)=0, (1) 

z 

J2 M^)Mz) = = a'>0, (2) 

z z 

5^|^|^+Vz)<oo, (3) 

z 

Let p^:{z) = p{z) be step probability mass function of the time-reversed walk; and 
note that p^, also satisfies ([Q)-©- We denote by P=k(v4) the probability of A under 
steps according to p*. We call a function / p-harmonic at w if 

Ap/(^) := $^P(^) [f{z + w)- /H] = 0. (4) 

2 

Let Xi,X2,... be independent L- valued random variables with probability mass 
function p, and let Sn = Sq + Yll=i^i^''^ > be the corresponding random walk. 
Denote by (resp., E"^) the law (resp., expectation) of {Sn,n > 0) when 5*0 = x, 
and we will write P, E, for P°, E°. 

Let a{z) denote the potential kernel for p, 

n 

a{z) = lim y [P{Sj = 0) - P{S, = z)] , 

j=0 

and let a*{z) denote the potential kernel using p^,. Note that a is p^,-harmonic and 
a* is p-harmonic for z ^ and Ap^a(O) = Apa*(0) = 1. In j3] it is shown that 
under the assumptions (H)) - © there exist constants k, c (these constants, like all 
constants in this paper, may depend on p), such that for all z, 



a{z) - - k 



71 (T^ 



Since a*{z) = a{—z), this also holds for a*. 

As mentioned above, C„ = {2 G L : \z\ < n} is the discrete open disk of radius 



n 



and Tn := T9,c . Denote by £„ the discrete open strip {x + iy E h : \y\ < n} of 
width 2n and let p„ := T9.c , i.e., t^,, Pn are the exit times from the disk and the 
strip, respectively. 

For any proper subset B of L, let Gb{w,z) denote the Green's function of B 
defined by 



T° -1 



Gb{w,z)= J2 P"(^,=^)- (6) 

j=0 
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This equals zero unless w, z G B. We will write G„ for Gr- . If w, z G B, and 
G{w) := Gb{w^ z), then ApG'(w) = — — z) where Ap is as in (g)), and where 
is the Kronecker symbol 5{x) = 1, x = and 5{x) = 0, x 7^ 0. Let z) denote 

the Green's function for and note that Gb{z,w) = G*^{w,z). A useful formula 
for finite B is 

Geiw, z) = E"'[a*(5r - z)] ~a*{w-z) = £^^[0(2 - St)] - a{z - w), (7) 

where T = Tgc. This is easily verified by noting that for fixed z E B, each of the 
three expressions describes the function (w) satisfying: f{w) = 0,w ^ B; Apf{z) = 
— l;Apf{w) = 0,w E B \ {z}. The following "last-exit decomposition" relates the 
Green's function and escape probabilities: 

P^{T°, < T°.} = J2 Gb{z,w)P'"{Tb' > Tbc). (8) 

weB' 

It is easily derived by focusing on the last visit to B' strictly less than T^c. 

For the remainder of this paper we fix p, k and allow constants to depend on 
p, K. We assume k < n/2, for otherwise the inequality is immediate. The values of 
universal constant may change from line to line without further notice. In the next 
two sections will prove that 

P(r„4 < T[k,n]) < T-~\ ~- 
logn V n 

(Here, and throughout this paper, we use x to mean that both sides are bounded 
by constants times the other side where the constants may depend on p, k.) In the 
final section we establish the uniform upper bound for all minimal (l/K)-dense sets. 

3 Green's function estimates 

We start with an "overshoot" estimate. 

Lemma 2 There is a c such that for all n and all z with \z\ < n, 

^"[\SrJ] <n + cn^/\ E^[log|5,J -logn] <cn-'/\ 

Proof. If a > 0, since {\Sr„ \ — n > a} C {|-^r„| > 0,} we have 

00 00 
P^d^.J -n>a)< 5^P^(r„ = J, \X,\ > a) < ^ P^(r„ > j - 1, |X,| > a) 
j=i j=i 

00 

< P'(^n > J - 1) P(|Xi| >a)< E^(r„) P(|Xi| > a). 
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From the central limit theorem, we know that P^{t„ > r + | r„ > r} < a < 1. 
Therefore, Tn/n^ is stochastically bounded by a geometric random variable with 
success probability 1 — a, and hence E^[r„] < cin?. Since E[|Xi|^] < go, 



Therefore, 
and 



p(l^il > = p(l^il^ > < crl (9) 

P'd-^rJ -n > an^/^) < ca-3, (10) 

poo 

E[|S,J -n] <n2/3+ / V-WSrA-n>y)dy<cn''\ 

The second inequality follows immediately using log(l + x) < x. 

Remark. With a finer argument, we could show, in fact, that E^[|S't-,J] < n + c. By 
doing the more refined estimate we could improve some of the propositions below, 
e.g., the 0(n~^/^) error term in the next proposition is actually 0(n~^). However, 
since the error terms we have proved here suffices for this paper, we will not prove 
the sharper estimates. 

Lemma 3 



If\z\ < n, 



7r(72G„(0,0) = logn + 0(l). 



7rcT'G'„(0,z) =logn-log|z| +0 (^^^ +0{n-^'^), 
Txa^Gn{z,Q) =logn-log|z| + ) +0{n-^''^). 



Also, for every h <1, there exist c > and N such that for all n > N, 

Gn{z,w) > C, Z,W e Cbn- (H) 

Proof. The first expression follows from ((Tj) and Lemma |21 since a(0) = 0. The 
next two expressions again use (|7j). Lemma |21 and (0). For the final expression, first 
note it is true for b = 1/4, since for < \z\, \w\ < n/i, Gn{z,w) > G3„/4(0,t(7 — z). 
For b < 1, the invariance principle implies that there is a g = > such that for 
all n sufficiently large, with probability at least q the random walk (and reversed 
random walk) starting at \z\ < bn reaches Cn/^ before leaving C„. Hence, by the 
strong Markov property, if \z\ < bn,\w\ < bn, Gn{z,w) > q mi\z'\<:n/4Gn{z' ,w). 
Similarly, using the reversed random walk, if \w\ < bn,\z'\ < n/4, Gn{z',w) > 

Lemma 4 If m>n^ and \z\, \ w\ < n, 

na'^ Gm(z,w) = logm - log - w| + O ( -. — ^ — A +0(n~^^^). 

\\z — w\ / 
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Proof. Since Gm-n{0,w — z) < Gm{z,w) < Gm+n{0,w — z), this follows from the 
previous lemma. 

Lemma 5 There is a c < oo such that for every z ^ Cn and every minimal (1/k)- 
dense set A, 

J2Gniz,w)<cn. (12) 

Proof. By Lemma 01 

TT Cr^ Gn{z, w) < TT Cr^ G'2n(0, W — z) < logU — log |w — 2;| + 0(1). 

If y4 is a minimal (l/K)-dense set, then ^{w & A : \z — w\ < r} < cr, for some c 
independent of z. Hence, 

2n 

J2 ^-{z, w) < c ^[log n - log J + 0(1)] = 0{n). 

w<^A j=l 

□ 



4 Escape probability estimates for [j, k 



K 



The main purpose of this section is to obtain estimates in Proposition and Lem- 
mas El and which will be used in the proof of Theorem ^ in section jSl 

Lemma 6 

P(r„ < T[_„,„] J X -. (13) 
n 

Proof. Let q{n) = P(7:„ < T[_„ „]^) and note that if A; G [—n/2,n/2]f^, then 

g(4n) < P^(r„ < T[_„,„] J < g(n/4). 
The last-exit decomposition ^ tells us 

fce[-n/2,n/2]„ A:e[-n,n]K 

But (HH) and (O imply that 

^ G„(0,fc)xn, □ 

fce[-n/2,n/2]^ 

which gives g(4n) = 0(1/^). The lower bound can be obtained by noting P{pn < 
Tz) < P(t„ < T[_„ „]^) which reduces the estimate to a one-dimensional "gambler's 
ruin" estimate in the y-component. This can be established in a number of ways, 
e.g., using a martingale argument. □ 
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Lemma 7 There exist c > and N < oo such that if n > N and z G C3„/4, 



Proof. Let 

Tn-l 

G A[n/4,n/2]}, 

be the number of visits to y4[n/4, n/2] before leaving Cn- Then (II Hi and (|T2|) show 
that there exist ci, C2 such that for n sufficiently large, 

In particular, if z G C^n/i, 

cin < E'[V] = P'{V > 1) E'[V I > 1] < C2nP'{V > 1). □ 

Lemma 8 There exist < ci < C2 < oo and N < oo such that if n > N, 

i_ < p^(To < r„) < z G Cwio \ C„/io. 

logn logn 

Proof. This follows immediately from LemmaEland Gn{z, 0) = P^(To < r„) G'n(0, 0). 
□ 

Let T+ = T^z+,T~ = T^z\z+- Define 

= {p„ < T+}, i^;- = {p„ < T-}, = {p„ < T,^-} 

and 

i?„ = i?+ni?- = {p„<T,^}. 

Recall that P* stands for the probability under step distribution p^,. 

Lemma 9 P(K) = P,{E-)P{E-). 

Proof. Consider n {E+Y = Vi U V2 U . . ., where 

Vm = {Pn < T{,„^ 

~/t,0,K,...,K(m— 1)} 

is the event that integer nm is the smallest integer in /tZ visited by the walk before 
time Pn- Clearly Vi, V2, . . . are disjoint events. Write 

00 
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where Vmj ■= Vm H {Sj = urn} fl {Si ^ K,m, I = j + 1, . . . , pn} is the intersection of 
Vm with the event that Kin is visited for the last time (before time p„) at time j. 
Again, Vmj are mutually disjoint events. Therefore, 

oo oo 

P(i^n n(i?+r) = $^$^P(Kn,,). (14) 
rra=l j=l 

Note that due to the strong Markov property, and homogeneity of the line and the 
lattice, we have 

P{Vm,j) = PiSj = Km,j < Pn AT«,{...„i,o,l,.-,m"l})P''"(Pn < T^{.. ., -1,0,1,.. .,m}) 

= P{Sj = KinJ - 1 < p„, A T^{..., -1,0,1,.. .,m-i}) P(^,7)- (15) 
By reversing the path we can see that 

P{Sj = Km,j - 1 < p„ A T«{... _i^o,i,...,m-i}) 

= PnS, = 0,J - 1 < PnAT,{...,-l,0,l,...,m-l})- (16) 

Also note that 

PTiSj = 0, J - 1< p„ A T,{...,_l,0,l,...,m-1}) = 

P*(S'j = -Km,j - 1 < p„ A T^{... -2 -1}) (17) 

by translation invariance. Now, 

{Sj = -Km,j - 1 < p„ A Tk{... _2,-l}} = {Pn A T^z- = T-^rn = j} 

and since 

oo CXD OO 

P*(Pn A T^z- = T^Km = i) = X] ^*(P^ ^ = ^-Km) = P*(Pn > T^I.-) 

m=l j=l m=l 

relations (fT ^ - (fT7j) imply 

J2 PiVm,j) = P*(Pn > T^z^)PiE-) = P.iiE-r) PiE-). 

m>l j>l 

This together with (fT^ implies the lemma. □ 

Remark. The above result implies the following remarkable claim: if the step 
distribution of the walk is symmetric with respect to y-axis then, under P, the 
events i?^ and E~ are independent. 

Remark. Versions of this lemma have appeared in a number of places. See 
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Lemma 10 

P(p„<T«n)xP(p„<T«z-)x— . (18) 

Proof. In the case k = 1, this was essentially proved by Fukai |3j. Theorem 1.1 in 
IHj states that 

P(n^ < T^) X (19) 

for any zero-mean aperiodic random walk on lattice 1? with 2+5 finite moment. Note 
that we can linearly map L onto Z^, and by this cause only multiplicative constant 
change (depending on L) in the conditions (Ql-Q, which imply the assumptions 
needed for (jl9p to hold. The conversion from v? to p„ is not difficult and his 
argument can be extended to give this. Note that this gives a lower bound for other 

P(r„ < T,n) > (20) 

where c depends on L and transition probability p only. Hence, the two terms in 
the product in Lemma IHl are bounded below by c/ ^Jn but the product is bounded 
above by ci/n. Hence, each of the terms is also bounded above by c/^Jn, and this 
proves the statement. □ 



Lemma 11 There exists c G (0, oo) such that 

(a) P-"(T_„ < T.n) <l-^n' 

(h) If \z\ > n then P%T, < T,^) <1-^. 

Proof. We prove (a), and note that (b) can be done similarly. It is equivalent to 
show ^ 

P(7'KN+n < Tq) > 

logn 

Note that since r„ < Tkn+h, Lemma El yields the upper bound on the above proba- 
bility of the same order. For the lower bound note that invariance principle implies 

P(r. < To, Re(^.J > 4n/5) > ^^^^^ > r^, (21) 

lUU logn 

by Lemma El Use Markov property and Lemma [71 applied to disk centered at 
n = (n, 0) of radius 9n/10 to get 

PiT^N+n < To\Tn < Tq, Re(S'^„) > An/5, \SrJ - n< n/5) > c, 

uniformly in n. An easy overshoot argument yields P(t„ < Tq, Re(S'T-„) > 4n/5, — 
n < n/5) X P(r„ < Tq, Re^Sr^) > 4n/5), which implies the lemma. □ 
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Proposition 12 If j,n G Z+, 

(a) P{Tn<T,n)-P{Tn<T,i ] 



(6) P-"(5t., = 0) = O 
(c) P"(5t,, = 0) = O 

(d) P(r„ < T«(j+N)) = 



(e) P(r„ < r^(_.j+N)^ 



Proof, (a) A simple Markov argument gives 

P(r„ < T^n) < P(r„ < T,zJ < P(5t.^ ^ 0)-^ P(r„ < T, 




and hence the first two quantities are comparable. Since r„ < p„, (fT5|) gives P(r„ < 
Tkn) > c/ y/n. For the upper bound, let A" = A~ be the event that Re(5'T-,J < 0. 
By invariance principle, P{A~) > 1/4. However, we claim that P{A~ \ Tn < T^n) > 
P{A~). Indeed, by translation invariance, we can see for every j > 0, P^'^{A^) < 
P{A~), and hence by the Strong Markov property, P{A~ \ r„ > T^n) < )• 
Therefore, 

P(r„ < T«N, MSrJ < 0) > (1/4) P(r„ < T«n). 
The invariance principle can now be used to see that for some c, 

P(Pn < T^N I T-n < ^^^N, Re(S'^„) < 0) > C, 

and hence P(p„ < T^^n) > (c/4) P(r„ < T«n). 

(6) Let T = T_n A Tkn- Since P~"(S'r 7^ — Ti) > c/logn by Lemma ITlT a). it 
suffices by the strong Markov property to show that 

p-"(^^ = 0) < 



(logn) y/n' 

By considering reversed paths, we see that 

p-"(^^ = 0)=P,(S'T = -n). 

But 

P^{St = -n) = P=,(r„/2 < T«n) P*(5't = -n \ r„/2 < T^n) 

< P*(V2 < ^«n) P*{St = -n I r„/2 < T«n, |5'(r„/2)| < 3n/4) 

+P*{\S{Tn/2)\>^n/A). 
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To bound the last line, note that by (fTHj) . P*(r„/2 < ^kn) < c/ and the conditional 
probability is bounded by a term of order 1/ logn due to Lemmas [7| and |H1 Inequality 
(fini) implies that P*(|5(r„/2)| > 3n/4) < c/n. 
(c) We will start with the estimate 

P^iST^,=w)<Ui\z-w\>n. (22) 

Without loss of generality assume w = 0, \z\ > n. As in (b), it suffices to show that 
^^('S't^at^z = 0) < c/(nlogn) due to Lemma ITTT b). By using reversed paths, we 
see that P^(S't^at«z = 0) = P*(>S't^at«z — Hence it suffices to show that for all 

P.{St = z)< 



n logn 

where T = A T^z- Similarly to (b), we have P*(r„/2 < T^z) < and P*(S't = 
z I Tn/2 < Tf^z, \ St„/2\ ^ 3n/4) < c/logn . We have to be a little more careful with 
the second term, but 

P*(|5,„/J >3n/4,r„/2 <r,z) 

< P^l'^r^l > n/2) + P,(r^ < A T^z, \Sr„^J > 3n/4} 

< 0{n~^) + 0{n-^/^)0{n-^) = 0{n-^^^). (23) 

Using (b) and m and noting {St^^ = 0} = n'^^,{ST^, = -k} H {St^, o Qt^, = 0}, 
we conclude that 

P^(5.N = 0) < \z\ > n. (24) 

The remainder of the argument is done similarly to (b). Namely, use estimate 
()23|) and note that the probability that the random walk starting at n reaches a 
distance of n/2 from its starting point without hitting kN is 0{n~^), and, given 
that I^T-^/J — 3n/4, the probability that it afterwards enters kN at the origin is 

(d) We may assume jn < n/4. By the Markov property, translation invariance, 
(a), and (b), if Ik < n/4, 

P(Tn < Ti^(l+1+N)) — P(T"n < Ti^(l+n)) 

= P(r«K < Ti^{i+i+N) A r„) P'''(r„ < Ti^(i+i+n)) 

< P(7)k = T^(l+N)) P(Tn/2 < ^kZ+) 
= P-"^(5.N = 0)P(V2<T,Z+) 

< c/ VIn 

If we sum this estimate over / = 0, . . . , j, we get the estimate. 

(e) This is done similarly to (d), using (c) instead of (b). □ 
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Lemma 13 There exist < Ci < C2 < oo and N < oo, such that ifn>N,m = n^, 
and 



g n log n 

where rjn = inf{j : \Sj\ < 2n}. 
(ii) ifwe Cin, 

P"'(Tm < TA[n/2,n]) < 



logn 

Remark. When w G C^n \ C^n (i) implies a lower bound of the same order in (ii). 
Proof, (i) Let T = Tm A rjn. We will show that 

P"'(T = r^)xl/logn. (25) 

Consider the martingale Mj = vra^ [a*{Sj/\T) — k] — logn, and note that Mj = 
log I^jatI - logn + 0{\Sj/s,T\~^)- Therefore, 

log3 + 0{n-^) < Mo < log4 + 0{n-^). (26) 

The optional sampling theorem implies that 

E"'[Mo] = E'"[Mt] = 

n<\ST\<2n}\ (27) 

(the estimate ()10j) can be used to show that the optional sampling theorem is valid). 
Note that 

(logm)P-(T = rJ < E-[log|ST|l{T=.„}] 

< (log m) P» (T = r„) + [log \SrJ~ log m] 

< 4(logn)P"'(T = rJ + 0(n-^/=^). 

The last inequality uses Lemma |21 Therefore, 

E^[MTl{iSr\>m}] = 3 (logn) P'-(T = Tm) + ©(n'^/^)^ 
and hence it suffices to show that 

E^[MTli\Sr\>m}] X 1. (28) 

Clearly, 

O(n-i) < E^[MTl{n<\Sr\<2n}] < log 2 + ©(n'^). 
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Also, 



< c(logn) ^P(Xi = w'-^) 

< cn^ (log n) ^ P(Xi = z[) 

\z'\>n 

cn logn, 



and hence E"'[Mt; |S't'| < n] = 0(\og^n/n). Combining these estimates with ()26|) 
and (j2Z|) gives (j2HI) and therefore 

(ii) Let g = g(n, A) be the maximum of P"'(rm < ^yi[n/2,n]) where the maximum 
is over all w G C^n- Let w = tf„ be a point obtaining this maximum. Let f/„ be the 
first time that a random walk enters C„ and let 77* be the first time after this time 
that the walk leaves C2n- Then by a Markovian argument and an easy overshoot 
argument we get 

P^(rm < r4[„/2,„]; f]n<rm) <aq + 0{n~^), z G C^n 

where a = 1 — c < 1 for c the constant from Lemma The 0(n~^) error term 
comes from considering the probability that \Srj*\ > An. By letting z = w we get 

We now show that (i) implies 

P\Tm < Vn) < r^, for z G C^n- (29) 

log 72 

Namely, by the same argument as in (i), applied to n/2 instead of n and m = 
still, one gets 

P^{Tm < f]n) X , for 2 G C2„ \ C3„/2. 

logn 

The uniform upper bound can easily be extended to all z G using strong Markov 
property and overshoot estimate (fTUI) . Now for z G C^n \ Csn we have 

P'{r^ < Vn) = P'{Tm < Vn) + P'{Vn < < Vn) , 

SO that the upper bound in (i) together with strong Markov imply (j29p for z G 
C/^n \ Csn- The remaining case z G C^n \ C2n is implied again by strong Markov 
inequality and an overshoot estimate. □ 

Recall that we may assume k < n/2. 
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Lemma 14 IfO<k< n/2, and j G [/i;,n]K 



nlogn \{j — k + ly/'^ (n— j + 

Proof. Since 5*0 = j the probability of not visiting [/c, nj^ during interval [1,T2„] is 
bounded above by a constant times 

1 1 



v/^(j - A; + 1)1/2 + 1)1/2' 

due to Proposition IT^ d) .(e). 

Now consider the first time after r2„ that the random walk either leaves Cm or 
enters the disk Estimate ()29|) says that the probability of random walk leaving 
Cm before entering C„ is bounded above by c/logn. Hence one expects (also using 
an easy overshoot argument) 0(log?T,) "excursions" from \C2n into C„ before 
leaving Cm, and for each such excursion there is a positive probability, conditioned 
on the past of the walk, that the random walk visits [fc,n]K during that excursion 
due to Lemma [7| This gives the extra term c/ logn in the above probability. □ 



5 Proof of Theorem [T] 



Without loss of generality we assume k,n E with k < n/2. By Lemma IT^ il 
it suffices to show that 

c^/k 

P[Tm < TA[k,n]> < 



In logn 

where, as before, m = n^. The above inequality will then imply 

PjTm < TA[k,n]) _ C^k 

r[T2n < J^A[k,n]) S —7^ , —7^ T — 

t^K'^m < ■^A[k,n]\T2n < A[k,n]) \/ 

since by Lemma El (i) 

P(Tm < TA\k,n\'T2n < TA[k,n]) > ^ • 

I ' J I ' J logn 

Let T = T[k,nU,T = TA[k,n\,T^ = T[^^^]^,T° = T^[fc^„]. Proposition [T21^d), Lemma 
IT^ ii). and an easy overshoot estimate give 

^/ c^/k 
P(r„ < T) < 



m logn 
Note that similarly we have 

P{rm <T)> 

i/n logn 
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with a different constant c > 0, since Lemma IT^ i) is two-sided bound, and the 
proof of Proposition [T21 parts (b) and (d) can be shghtly modified to obtain two- 
sided bound of the same order as the upper bound. 
We will show, in fact, that 

P(r„ < f ) - P(r„ < T) < 



n \ogn 



Note that P(r^ < f ) - P(r^ < T) = P(T < r^) - P(f < r„) which equals, by © 
(note that under P, T° = T and T° = T), 

G'™(0,j)P^(r™<T)- J] G'™(0,ti;,)P'^^(r^<f) = 

J2 [GU0,J) - GUO,w,)]P^{t^ < T) + (30) 
5^ GUO,w,)[P^{T,^<T)-P^^{T^<f)]. (31) 

We will show that the sum in (jHUI) is bounded above in absolute value by c/ (y^logn) 
and that the sum in ()31|) is bounded above by c/{^/nlogn). We will not bound the 
absolute value in (jHTj) . 
Lemma ID gives 

\GUO,j)-GUO,w,)\ < J. (32) 

Lemma El gives 



P^ (r^ <T)=0{^ 



+ 



V(j-^ + l)^/^ (n-j + 1)1/2 y log n 
The term in ()3()|1 is therefore bounded in absolute value by 



E 



C 



j&[k,n], 



+ 



n logn 



\{j ~ k + ly/^ (n - J + l)V2y logn 
(Here and below we use the easy estimate: 

|7-A;| + 1 fl7-/l + l)V2 ^ 2 J2 fU-| + 1)3/2 < ) 



To estimate the term (jHTj) define the function / from L to M by 

f{z) := GU^,w,) [P^{t^ < T) - P^^{t^ < f )], 
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and note that (inil) equals /(O). Since Wj) is p-harmonic on : \z\ < m}\{wj}, 

/ is p-harmonic on {z : \z\ < m} \ y4[fc,n], and therefore it attains its maximum on 
{z : \z\ > m} U n]. However, f{z) = for 2; > m, so it suffices to show 



max f{wi) < . (33) 



Fix £ G [/c, nj^ and note by 



Gm{wt,W,)V^^{Tra < f) = P'^^ (f° < r„) = 1, 

and 

Gmii,j)P\Trn<T) = P'iT'' <T^) = l. 

Hence, 

J2 Grn{we,W,) [P\Tm < T) - {t^ < f )] = 

Y [GUw,, w,) - G^{1,3)\ V\r^ < T). (34) 

Since \w(, — Wj\ > \C — i\ — Lemma El gives 

G^{W(>,Wj) - Gmi^,j) < 



(note that we are not bounding the absolute value). 
Hence, 

Y {GUWi,W,)-Gm{i,j))P^{Tm<T) 

,1 1 \ 1 

< > TTTT + 



y - ' 



^.^ \j-e\ + l \(j-k + iy/^ (n - J + 1)1/2 / logn 
c 

< — . □ 

yrilogr;, 
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